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In 2005, Liu and Zhang \[[@CR1]\] firstly studied the disc separation of the Schur complements of strictly diagonally dominant matrices. More precisely, they compared a disc separation of the Schur complement to that of the original matrix and showed that each Geršgorin disc of the Schur complement is paired with a particular Geršgorin disc of the original matrix; the latter is further from the origin than the former. Their result is as follows.
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In this paper, we will generalize the result on the Geršgorin disc separation from the origin for strictly diagonally dominant matrices and their Schur complements in \[[@CR1]\] to nonstrictly diagonally dominant matrices and their Schur complements, showing that under some conditions the separation of the Schur complement of a nonstrictly diagonally dominant matrix is greater than that of the original grand matrix. As an application, we continue discussing the eigenvalue distribution of the Schur complements for nonstrictly diagonally dominant matrices to derive some significant conclusions.

The paper is organized as follows. Some notations and preliminary results about nonstrictly diagonally dominant matrices are given in Section [2](#Sec2){ref-type="sec"}. Some results on the Geršgorin disc separation from the origin are established in Section [3](#Sec3){ref-type="sec"} for nonstrictly diagonally dominant matrices and their Schur complements. The eigenvalue distribution of the Schur complements is discussed in Section [4](#Sec4){ref-type="sec"} for nonstrictly diagonally dominant matrices to derive some significant conclusions. Some examples are provided in Section [5](#Sec5){ref-type="sec"} to show the effectiveness of theoretical results. Conclusions are given in Section [6](#Sec6){ref-type="sec"}.

Preliminaries {#Sec2}
=============

In this section we give some notions and preliminary results about special matrices that are used in this paper.
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Lemma 2 {#FPar4}
-------

see \[[@CR5]\]
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see Lemma 3.4 in \[[@CR6]\]
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The disc separation of the Schur complement of nonstrictly diagonally dominant matrices {#Sec3}
=======================================================================================

In this section, we will establish some results on the Geršgorin disc separation from the origin for nonstrictly diagonally dominant matrices and their Schur complements such that under some conditions the separation of the Schur complement of a nonstrictly diagonally dominant matrix is greater than that of the original grand matrix. Firstly, the following lemma will be used in the rest of this subsection.

Lemma 6 {#FPar8}
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Proof {#FPar9}
-----

Similar to the proof of Lemma 4 in \[[@CR1]\], we can easily derive the conclusion of this lemma. □

Theorem 3 {#FPar10}
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Theorem 4 {#FPar12}
---------
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Proof {#FPar13}
-----

Using the same proof method as the one of Theorem [3](#FPar10){ref-type="sec"}, the conclusion of this theorem is obtained immediately. □

Theorem 5 {#FPar14}
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Proof {#FPar15}
-----

Similar to the proof of Theorem [3](#FPar10){ref-type="sec"}, one may derive the conclusion of this theorem. □

The eigenvalue distribution of the Schur complement of nonstrictly diagonally dominant matrices {#Sec4}
===============================================================================================

In this section, the result of Theorem [2](#FPar2){ref-type="sec"} will be generalized to nonstrictly diagonally dominant matrices.

Theorem 6 {#FPar16}
---------
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Proof {#FPar17}
-----
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                \usepackage{upgreek}
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                \begin{document}$\vert J_{+}(A/\alpha) \vert = \vert J_{+}(A/\alpha-wI) \vert $\end{document}$. Thus, by the Gers̆gorin theorem, $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \begin{document}$A/\alpha-wI$\end{document}$ has $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$\vert J_{+}(A/\alpha ) \vert $\end{document}$ eigenvalues with positive real part (on the open right-half complex plane). On the other hand, the eigenvalues of $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$A/\alpha-wI$\end{document}$ are the eigenvalues of $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
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                \begin{document}$A/\alpha$\end{document}$ minus *w*, so $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
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                \usepackage{amssymb} 
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                \usepackage{upgreek}
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                \begin{document}$\vert J_{+}(A/\alpha) \vert $\end{document}$ eigenvalues with positive real part greater than *w*. Again, since $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$[A(\alpha )]^{-1}=[A/\alpha]^{-1}$\end{document}$ (see, e.g., p.184 in \[[@CR8]\]) and further that $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$A/\alpha$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[A/\alpha]^{-1}$\end{document}$ have the same number of eigenvalues with positive real part. It follows from Corollary 3 of \[[@CR1]\] that $\documentclass[12pt]{minimal}
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                \begin{document}$A(\alpha')$\end{document}$ have the same number of eigenvalues whose positive real parts are greater than *w*. For the number of negative parts of eigenvalues, the argument above still works with $\documentclass[12pt]{minimal}
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                \begin{document}$A/\alpha$\end{document}$. □

Theorem 7 {#FPar18}
---------

*Given a matrix* $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$A=(a_{ij})\in D_{n}$\end{document}$ *with real diagonal entries*, *and two sets* $\documentclass[12pt]{minimal}
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                \begin{document}$\alpha\subset\langle n\rangle$\end{document}$ *and* $\documentclass[12pt]{minimal}
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                \begin{document}$\alpha'=\langle n\rangle -\alpha\subset\langle n\rangle$\end{document}$, *if* $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \vartheta=\min_{i\in\alpha, j\in \alpha'} \biggl[ \frac{ \vert a_{ii} \vert -R_{i}(A)}{ \vert a_{ii} \vert }\sum_{k\in \alpha} \vert a_{jk} \vert \biggr]>0, $$\end{document}$$ *then* $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
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                \begin{document}$A(\alpha')$\end{document}$ *have the same number of eigenvalues whose real parts are greater* (*less*) *than* *ϑ* (*resp*. −*ϑ*).

Proof {#FPar19}
-----
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                \begin{document}$A\in D_{n}$\end{document}$ and $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$\vartheta=\min_{i\in\alpha, j\in \alpha'} [\frac{ \vert a_{ii} \vert -R_{i}(A)}{ \vert a_{ii} \vert }\sum_{k\in \alpha} \vert a_{jk} \vert ]>0$\end{document}$, $\documentclass[12pt]{minimal}
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                \begin{document}$A(\alpha')$\end{document}$ has no diagonally equipotent principal submatrix. Then it follows from Lemma [2](#FPar4){ref-type="sec"} that *A* is nonsingular, so is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
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                \begin{document}$A/\alpha$\end{document}$ exists. Similar to the proof of Theorem [6](#FPar16){ref-type="sec"}, the conclusion of this theorem is derived immediately. □

Numerical examples {#Sec5}
==================

In this section, some numerical examples are given to demonstrate the effectiveness of the results obtained in this paper.

Example 1 {#FPar20}
---------

Consider the following $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ A=\left [ \textstyle\begin{array}{ccccccc} 1 & -1 & 0 & 0 & 0 & 0 & 0 \\ 1 & -2 & -1 & 0 & 0 & 0 & 0 \\ 0 & 1 & -2 & -1 & 0 & 0 & 0 \\ 0 & 0 & 1 & -3 & 1 & 0 & 0 \\ 0 & 0 & 0 & 1 & 3 & -1 & 0 \\ 0 & 0 & 0 & 0 & 1 & -3 & -1 \\ 0 & 0 & 0 & 0 & 0 & 1 & 2 \end{array}\displaystyle \right ]. $$\end{document}$$

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$\alpha=\{1,2,3\}$\end{document}$. Then $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \begin{document}$\alpha'=\{4,5,6,7\}$\end{document}$. It is verified that *A* and $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \usepackage{upgreek}
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                \begin{document}$A(\alpha)$\end{document}$ are both nonsingular and ([13](#Equ13){ref-type=""}) holds. Thus, *A* satisfies the conditions of Theorems [3](#FPar10){ref-type="sec"} and [5](#FPar14){ref-type="sec"}. According to Theorems [3](#FPar10){ref-type="sec"} and [5](#FPar14){ref-type="sec"}, both ([2](#Equ2){ref-type=""}) and ([3](#Equ3){ref-type=""}) hold.

In what follows we will verify the conclusions of Theorems [3](#FPar10){ref-type="sec"} and [5](#FPar14){ref-type="sec"}. Direct computations yield the following results: $$\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$ \begin{gathered} A/\alpha=\left [ \textstyle\begin{array}{cccc} -4 & 1 & 0 & 0\\ 1 & 3 & -1 & 0\\ 0 & 1 & -3 & -1 \\ 0 & 0 & 1 & 2 \end{array}\displaystyle \right ], \\ \omega_{4}= \omega_{5}=\omega_{6}= \omega_{7}=0, \\ \vert \widetilde{a}_{4,4} \vert -R_{4}(A/ \alpha)=3, \quad\quad \vert {a}_{4,4} \vert -R_{4}(A)=1, \\ \vert \widetilde{a}_{5,5} \vert -R_{5}(A/ \alpha)=1, \quad\quad \vert {a}_{5,5} \vert -R_{5}(A)=1, \\ \vert \widetilde{a}_{6,6} \vert -R_{6}(A/\alpha)=1,\quad\quad \vert {a}_{6,6} \vert -R_{6}(A)=1, \\ \vert \widetilde{a}_{7,7} \vert -R_{5}(A/ \alpha)=1, \quad\quad \vert {a}_{7,7} \vert -R_{7}(A)=1, \\ \vert \widetilde{a}_{4,4} \vert +R_{4}(A/ \alpha)=5, \quad\quad \vert {a}_{4,4} \vert +R_{4}(A)=5, \\ \vert \widetilde{a}_{5,5} \vert +R_{5}(A/ \alpha)=5, \quad\quad \vert {a}_{5,5} \vert +R_{5}(A)=5, \\ \vert \widetilde{a}_{6,6} \vert +R_{6}(A/ \alpha)=5, \quad\quad \vert {a}_{6,6} \vert +R_{6}(A)=5, \\ \vert \widetilde{a}_{7,7} \vert +R_{5}(A/ \alpha)=5, \quad\quad \vert {a}_{7,7} \vert +R_{7}(A)=5. \end{gathered} $$\end{document}$$ Thus, $$\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$$ \begin{gathered} \vert \widetilde{a}_{4,4} \vert -R_{4}(A/\alpha)\geq \vert {a}_{4,4} \vert -R_{4}(A)+\omega_{4}\geq \vert {a}_{4,4} \vert -R_{4}(A)\geq0, \\ \vert \widetilde{a}_{5,5} \vert -R_{5}(A/\alpha)\geq \vert {a}_{5,5} \vert -R_{5}(A)+\omega_{5} \geq \vert {a}_{5,5} \vert -R_{5}(A)\geq0, \\ \vert \widetilde{a}_{6,6} \vert -R_{6}(A/\alpha)\geq \vert {a}_{6,6} \vert -R_{6}(A)+\omega_{6} \geq \vert {a}_{6,6} \vert -R_{6}(A)\geq0, \\ \vert \widetilde{a}_{7,7} \vert -R_{5}(A/\alpha)\geq \vert {a}_{7,7} \vert -R_{7}(A)+\omega_{7} \geq \vert {a}_{7,7} \vert -R_{7}(A)\geq0 \end{gathered} $$\end{document}$$ and $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \begin{gathered} \vert \widetilde{a}_{4,4} \vert +R_{4}(A/\alpha)\leq \vert {a}_{4,4} \vert +R_{4}(A)-\omega_{4}\leq \vert {a}_{4,4} \vert +R_{4}(A), \\ \vert \widetilde{a}_{5,5} \vert +R_{5}(A/\alpha)\leq \vert {a}_{5,5} \vert +R_{5}(A)-\omega_{5} \leq \vert {a}_{5,5} \vert +R_{5}(A), \\ \vert \widetilde{a}_{6,6} \vert +R_{6}(A/\alpha)\leq \vert {a}_{6,6} \vert +R_{6}(A)-\omega_{6} \leq \vert {a}_{6,6} \vert +R_{6}(A), \\ \vert \widetilde{a}_{7,7} \vert +R_{5}(A/\alpha)\leq \vert {a}_{7,7} \vert +R_{7}(A)-\omega_{7} \leq \vert {a}_{7,7} \vert +R_{7}(A). \end{gathered} $$\end{document}$$ ([29](#Equ29){ref-type=""}) and ([30](#Equ30){ref-type=""}) show that the conclusions of Theorems [3](#FPar10){ref-type="sec"} and [5](#FPar14){ref-type="sec"} are true.

Let us investigate Theorem [6](#FPar16){ref-type="sec"}. Since $\documentclass[12pt]{minimal}
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                \begin{document}$\alpha'=\{4,5,6,7\}$\end{document}$ such that *A* satisfies the condition of Theorem [6](#FPar16){ref-type="sec"}, $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
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                \begin{document}$A(\alpha')$\end{document}$ have the same number of eigenvalues whose real parts are greater (less) than *w* (resp. −*w*).

Now, we verify the effectiveness of the conclusion by direct computations. We get $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$w=1$\end{document}$; further, we have that the eigenvalues of $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$A/\alpha$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$A(\alpha')$\end{document}$ are −4.127, −2.626, 3.000, 1.753 and −3.106, −2.671, 3.023, 1.754, respectively. Thus, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$A/\alpha$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$A(\alpha')$\end{document}$ have two eigenvalues whose real parts are greater (less) than 1 (resp. −1). This shows that the conclusion of Theorem [6](#FPar16){ref-type="sec"} is true.

Example 2 {#FPar21}
---------

Consider the following $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$6\times6$\end{document}$ matrix: $$\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ A=\left [ \textstyle\begin{array}{cccccc} -5 & -1 & 0 & 1 & 0 & -1 \\ 1 & 5 & -1 & 1 & 1 & 0 \\ 1 & 1 & 5 & -1 & 0 & 1 \\ -2 & 1 & 1 & -6 & -1 & 1 \\ 1 & -2 & -1 & 1 & 6 & -1 \\ -1 & 1 & 1 & 1 & 1 & 5 \end{array}\displaystyle \right ]. $$\end{document}$$
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                \begin{document}$\alpha=\{1,2,3\}$\end{document}$. Then $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$\alpha'=\{4,5,6\}$\end{document}$. By direct computations, we get $\documentclass[12pt]{minimal}
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                \begin{document}$\omega_{4}=\omega_{5}=0.80$\end{document}$ and $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\omega_{6}=0.60$\end{document}$. Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\omega_{j_{t}}>0$\end{document}$ for all $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$j_{t}\in\alpha'$\end{document}$, it follows from Theorem [6](#FPar16){ref-type="sec"} that both ([2](#Equ2){ref-type=""}) and ([3](#Equ3){ref-type=""}) hold.

The following will show the effectiveness of Theorem [6](#FPar16){ref-type="sec"} by direct computations. Since $$\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \begin{gathered} A/\alpha=\left [ \textstyle\begin{array}{ccc} -6.50 & -1.25 & 1.25\\ 1.47 & 6.41 & -1.06\\ 0.742 & 0.790 & 5.05 \end{array}\displaystyle \right ], \\ \vert \widetilde{a}_{4,4} \vert -R_{4}(A/ \alpha)=4, \quad\quad \vert {a}_{4,4} \vert -R_{4}(A)=0, \\ \vert \widetilde{a}_{5,5} \vert -R_{5}(A/ \alpha)=3.88,\quad\quad \vert {a}_{5,5} \vert -R_{5}(A)=0, \\ \vert \widetilde{a}_{6,6} \vert -R_{6}(A/\alpha)=3.52,\quad\quad \vert {a}_{6,6} \vert -R_{6}(A)=0, \\ \vert \widetilde{a}_{4,4} \vert +R_{4}(A/ \alpha)=9,\quad\quad \vert {a}_{4,4} \vert +R_{4}(A)=12, \\ \vert \widetilde{a}_{5,5} \vert +R_{5}(A/ \alpha)=8.94, \quad\quad \vert {a}_{5,5} \vert +R_{5}(A)=12, \\ \vert \widetilde{a}_{6,6} \vert +R_{6}(A/ \alpha)=6.58, \quad\quad \vert {a}_{6,6} \vert +R_{6}(A)=10. \end{gathered} $$\end{document}$$ Thus, $$\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \vert \widetilde{a}_{4,4} \vert -R_{4}(A/\alpha)\geq \vert {a}_{4,4} \vert -R_{4}(A)+\omega_{4}\geq \vert {a}_{4,4} \vert -R_{4}(A)\geq0, \\& \vert \widetilde{a}_{5,5} \vert -R_{5}(A/\alpha)\geq \vert {a}_{5,5} \vert -R_{5}(A)+\omega_{5} \geq \vert {a}_{5,5} \vert -R_{5}(A)\geq0, \\& \vert \widetilde{a}_{6,6} \vert -R_{6}(A/\alpha)\geq \vert {a}_{6,6} \vert -R_{6}(A)+\omega_{6} \geq \vert {a}_{6,6} \vert -R_{6}(A)\geq0 \end{aligned}$$ \end{document}$$ and $$\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \vert \widetilde{a}_{4,4} \vert +R_{4}(A/\alpha)\leq \vert {a}_{4,4} \vert +R_{4}(A)-\omega_{4}\leq \vert {a}_{4,4} \vert +R_{4}(A), \\& \vert \widetilde{a}_{5,5} \vert +R_{5}(A/\alpha)\leq \vert {a}_{5,5} \vert +R_{5}(A)-\omega_{5} \leq \vert {a}_{5,5} \vert +R_{5}(A), \\& \vert \widetilde{a}_{6,6} \vert +R_{6}(A/ \alpha)\leq \vert {a}_{6,6} \vert +R_{6}(A)- \omega_{6}\leq \vert {a}_{6,6} \vert +R_{6}(A). \end{aligned}$$ \end{document}$$ ([33](#Equ33){ref-type=""}) and ([34](#Equ34){ref-type=""}) show that the conclusions of Theorem [6](#FPar16){ref-type="sec"} are true.

It follows that we will verify the effectiveness of Theorem [7](#FPar18){ref-type="sec"}. Direct computations give $\documentclass[12pt]{minimal}
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Conclusions {#Sec6}
===========

This mainly studies the disc separation and the eigenvalue location of some special matrices. Firstly, the result on the Geršgorin disc separation from the origin for strictly diagonally dominant matrices and their Schur complements in \[[@CR1]\] is extended to nonstrictly diagonally dominant matrices and their Schur complements to reveal that under some conditions the separation of the Schur complement of a nonstrictly diagonally dominant matrix is greater than that of the original grand matrix. Secondly, some significant conclusions are derived to establish the eigenvalue distribution of the Schur complements for nonstrictly diagonally dominant matrices. Finally, some examples are provided to demonstrate the effectiveness of some theoretical results obtained in this paper.
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